An ideal polymer chain anchored to a planar surface is considered by using both lattice and continuum model approaches. A general equation relating the lattice and continuum model adsorption interaction parameters is derived in a consistent way by substituting the exact continuum solution for the free chain end distribution function into the lattice model boundary condition. This equation is not mathematically exact but provides excellent results. With the use of this relation the quantitative equivalence between lattice and continuum results was demonstrated for chains of both infinite and finite length and for all three regimes corresponding to attractive, repulsive and adsorption-threshold energy of polymer-surface interaction. The obtained equations are used to discuss the distribution functions describing the tail of an anchored macromolecule and its adsorbed parts. For the tail-related properties the results are independent of the microscopic details of the polymer chain and the adsorbing surface. One interesting result obtained in the vicinity of adsorption threshold point is a bimodal tail length distribution function, which manifests chain populations with either tail or loop dominance. The properties related to the number of surface contacts contain, apart from universal scaling terms, also a nonuniversal factor depending on microscopic details of polymer-surface interaction. We derived an equation for calculating this nonuniversal factor for different lattice models and demonstrated excellent agreement between the lattice results and the continuum model.
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I. INTRODUCTION
Understanding the behavior of an ideal flexible-chain polymer anchored to a planar surface is important for both basic research and applications. The fundamental interest derives from the fact that this is an exactly solvable problem giving a phase transition. 1, 2 However, this system also serves as a model for more applied phenomena and processes such as adsorption of polymers from solution, flocculation, and stabilization of colloids by polymers, polymer fractionation by chromatography, etc. [3] [4] [5] [6] [7] [8] [9] This problem was studied extensively in early papers [10] [11] [12] [13] [14] [15] but also more recently; reviews on these theoretical aspects can be found in Refs. 3 and 16-18.
The most simple and straightforward way to model a polymer molecule in solution and its interaction with a surface is based on lattice random walks. Such lattice models were used in the basic papers [10] [11] [12] [13] [14] [15] and in several extensions, including Monte Carlo studies of chains with excluded volume. [19] [20] [21] Lattice models can be easily generalized to describe more complex polymer systems. 3 Unfortunately, such models contain parameters which are lattice dependent, and therefore it is often difficult to see the universal features in lattice results and to make a quantitative comparison with experiments.
The other popular technique is based on the continuum approach 16, 17, [21] [22] [23] [24] which is analogous to describing the motion of a Brownian particle near a surface. The model parameters in the continuum description are related only to largescale spatial properties, such as the average radius of a polymer molecule far from the surface and the average thickness of a macromolecule adsorbed on a surface. These continuum models are largely universal and independent of the microscopic structure of a surface layer and the details of the adsorption interaction potential.
The qualitative equivalence between lattice and continuum models is well established. 1, 16, 17, [21] [22] [23] [24] [25] [26] However, so far it was difficult to make a quantitative comparison since no general relation between the adsorption interaction parameters in the lattice and continuum models was available. Different relations obtained in the thermodynamic limit of a long chain have been proposed and applied in Refs. [25] [26] [27] .
The objective of this paper is to derive in a consistent way a more general relation between the lattice and continuum model adsorption interaction parameters and to demonstrate the quantitative equivalence between lattice and continuum results for an ideal chain anchored to a planar surface. Since the mathematical forms of the known solutions for the lattice and continuum models are very different, we cannot expect a mathematically exact parameter map-ping. However, we will show how this mapping can be carried out to give essentially ͑and quantitatively͒ the same physics for both models.
In addition we will discuss two important distribution functions, related to the number of adsorbed and tail segments. These functions have not been investigated in detail before.
II. LATTICE MODEL
We consider a polymer chain lattice model ͑Fig. 1͒ characterized by a lattice parameter , which is the transition probability for a step from a given layer to an adjacent layer. In a simple cubic lattice ϭ1/6. The center of adsorbed segments is situated at zϭ0, and nonadsorbed segments are at zϭl,2l,..., where l is the thickness of a lattice layer. Hence the anchored chain starts at zϭ0.
In order to account for segmental adsorption in such models a short-ranged attractive potential is usually introduced acting on the chain units at zϭ0. The adsorption interaction parameter s is defined as minus the free energy change of a chain unit due to formation of a contact between this unit and a surface. We express all the energy parameters in units of kT. An important characteristic, which depends on the lattice type, is the critical value of the adsorption parameter
Adsorption of a long chain in the absence of an external field starts when s exceeds the value sc . For the simple cubic lattice sc ϭln(6/5).
The statistical weight P(z,n) for a chain part of n units to end in layer zϾ0 from the surface obeys the well-known recurrence equation introduced by Rubin:
where N is the total number of chain segments. Equation ͑2͒
is the zero-field version of the more general theory of Scheutjens and Fleer.
3,28
The boundary condition, which is equivalent to the recurrence equation for adsorbed segments which are at zϭ0 and experience an adsorption energy Ϫ s , has the form:
P͑0,nϩ1 ͒ϭexp͑ s ͓͒͑1Ϫ2 ͒P͑ 0,n ͒ϩ P͑l,n ͔͒. ͑3͒
Because P(z,n) is zero for negative z, the term P(Ϫl,n) is absent. The initial condition corresponding to the chain grafting is represented by P͑0,1͒ϭexp͑ s ͒, P͑z,1͒ϭ0 for zϾ0 ͑4͒ which expresses that the first segment can only start from z ϭ0.
Analytical solutions of the problem as formulated in Eqs. ͑2͒-͑4͒ in the limit of an infinitely long chain are well known. 15 For finite lengths of the chain the results are usually obtained numerically.
III. CONTINUUM MODEL
The continuum description is based on a model which is analogous to describing the trajectory of a Brownian particle in the presence of a planar surface. Only the direction z normal to the surface is of interest here, since the motion in the x -y plane parallel to the surface is free and is described by the usual Gaussian functions. One end of the chain with contour length Nb, where b is the segment length, is again anchored at zϭ0. The statistical weight P(z,n) of a chain section of contour length nb ending at coordinate z satisfies the diffusion equation:
Obviously, both n and z are now not discretized but continuous: zу0, 0рnрN. This differential equation represents the continuum version of the recurrence equations ͑2͒ describing lattice random walks outside the surface layer. 3 Equations of the type of Eq. ͑5͒ are also well known for describing heat conduction phenomena and quantum mechanical problems ͑Schrödinger equation͒.
The adsorption interaction with the plane can be described through the boundary condition
where c is the inverse of the so-called extrapolation length ͓see also Fig. 1͑b͔͒ The boundary condition ͑6͒ is the same as the one appearing for the stationary Schrödinger equation in the presence of a ␦-functional pseudopotential. Mathematically, adsorption corresponds to the existence of bound states in the quantum-mechanical problem. It is well known that in the strong adsorption regime ͑for sufficiently large and positive c or s Ϫ sc ) the end-point distribution ͑which generally can be written as an eigenfunction expansion͒ is dominated by the lowest ͑ground-state͒ eigenvalue. 1 This distribution then becomes expressible in terms of this ground-state eigenvalue and the corresponding ground-state eigenfunction only.
The interaction is assumed to be short ranged with a characteristic length scale of order b. Negative c values correspond to effective repulsive forces. As stated above, the point cϭ0, at which the adsorption of an infinitely long chain starts, corresponds to s ϭ sc in the lattice model and this point is usually referred to as a multicritical point. 2, 16, 31 Positive values of c correspond to adsorption and therefore c may be considered as an adsorption parameter. Its inverse 1/c is the average thickness of the layer formed by an adsorbed macromolecule on the surface ͑see Fig. 1͒ . The parameter c has the dimension of inverse length. It turns out to be convenient to use also a dimensionless adsorption parameter in the continuum model. Therefore we define a dimensionless interaction parameter C by
Cϵ bc

ͱ6
.
͑7͒
An analytical expression for the function P, satisfying Eq. ͑5͒ with the boundary condition ͑6͒, was obtained in Ref. where the parameters R, , and ␥ are defined as
Here R is the radius of gyration of a free Gaussian chain, and is the scaled, dimensionless distance of the chain end from the surface. The dimensionless parameter ␥ is a scaled adsorption interaction parameter. The function Y (x) is related to the well-known complementary error function erfc(x):
͑9͒
The expansions of Y (x) in different regimes are shown in the latter three equations. With these limiting forms the qualitative features of the end-point distribution P(z,N,C) are easily found. Around the critical point ͑␥ϭ0͒ the end-point distribution is almost Gaussian. In the depletion region ͑negative ␥͒ this distribution is also of a Gaussian type: P ϰ͓/(Ϫ␥)͔exp(Ϫ 2 ). However, in the strong adsorption region the distribution becomes exponential: Pϰexp(Ϫ2␥) ϭexp(Ϫcz), corresponding to the ground-state regime.
The integral of the function P over all positions of the free end gives the partition function Q(N,C) for an anchored polymer chain of N units with adsorption energy parameter C:
Hence, the partition function Q depends not on the two separate parameters N and C, but only on the product ␥ ϵCͱN.
In the limiting case of large positive C (CӷN Ϫ1/2 or ␥ӷ1͒, Eq. ͑10͒ for the partition function reduces to the exponential function
The condition ␥ӷ1 corresponds to the ground-state regime, and C 2 in this case represents the ground-state eigenvalue. At Ϫ␥ӷ1 ͑large negative C͒ the partition function takes the form
IV. RELATION BETWEEN THE ADSORPTION INTERACTION PARAMETERS OF THE CONTINUUM AND LATTICE MODELS
For the special case of critical conditions (Cϭ0 in the continuum model͒ for infinitely long chains, Weiss and Rubin, and Rubin ͑Ref. 18͒ discussed the applicability of reflecting boundary conditions in this case. The condition C ϭ0 then corresponds to s ϭ sc in the lattice model, where sc is defined in Eq. ͑1͒. These authors did not give a relation between C and s outside the critical point, or for finite chain lengths.
Approximate equations relating the adsorption parameters C and s for a long polymer chain have been discussed previously by Gorbunov and Skvortsov 25 and by Fleer et al. 26 In Ref. 26 only the adsorption case was considered, in Ref. 25 the case of strong repulsion was discussed as well. Although the approaches used in Refs. 25 and 26 are quite different, both are based upon the assumption ͉C͉ͱNӷ1, which means either sufficiently large chain length ͑large N͒, or s values relatively far from the multicritical point s ϭ sc ͑i.e., Cϭ0). Now we derive, in a consistent way, more general equations relating C and s for all N and adsorption interaction regimes.
In the lattice model the boundary condition is given by Eq. ͑3͒, which shows that the ratios P(0,N)/P(0,Nϩ1) and P(l,N)/P(0,Nϩ1) are fixed by the value of the segmental adsorption energy parameter s . In the continuum model we have an expression for the distribution function P(z,N,C) which does not contain s but which depends on the continuum interaction parameter C. If we combine the two approaches, we find a relation between C and s . Thus we substitute P(z,N,C) according to Eq. ͑8͒ in the lattice boundary condition ͑3͒:
To this end we need a relation between l and b, which follows from equating the radius of gyration for a N-step continuum Gaussian chain, RϭbͱN/6 to that of a lattice chain:
which prescribes how the lattice spacing l should be adjusted in different lattices, taking the bond length b to be invariant. In deriving Eq. ͑13͒, we substituted the known analytical continuum expression into the lattice boundary condition to find which value of s corresponds to a given C. In principle, the inverse procedure would also be possible, inserting the continuum boundary condition into the lattice recurrency relation. However, since there is no analytical representation of these recurrency relations, this would require a numerical procedure to find which C would correspond to a given s . The result is expected to be essentially the same as solving C implicitly from Eq. ͑13͒ for given s . Formula ͑13͒ expresses s as a function of the parameter C, of the number of chain units N, and of the lattice parameter . Therefore the relation s (C) is obtained for every lattice type and any chain length. Figure 2͑a͒ shows this relation calculated for three values of : 1/6 ͑simple cubic lattice͒, 1/4 ͑hexagonal or tetrahedral lattice͒, and 1/3 which does not correspond to any geometrical lattice, but is sometimes used to minimize lattice artifacts. 32 For the simple cubic lattice with ϭ1/6 the s (C) relations are plotted for two finite chain lengths: Nϭ10 and Nϭ100, and also for the limiting case N→ϱ. For the other two values only the limiting relations corresponding to N →ϱ are plotted.
It can be seen in Fig. 2͑a͒ that the limiting curves s (C) for different lattices have similar shapes, with s being a monotonously increasing function of C. For small N and negative C the relation s (C) deviates slightly from the limiting s (C) curve for infinite chain length, but this deviation practically disappears at NϾ100. The effect of N is nearly absent in the adsorption regime. At sufficiently large positive
) the dependence on N completely vanishes. Analytical approximations of the function s (C) for different regimes of interaction can be obtained by using the asymptotic expansions of Eq. ͑9͒. The result can be written as
where the constants A 0 , A 1 , and A 2 depend only on the lattice type, according to
The parameter sc Ј is defined as
and may be considered as the adsorption/desorption point (Cϭ0) for finite chain lengths. Obviously, for N→ϱ sc Ј ϭ sc . For finite chain lengths sc Ј Ͻ sc , but the correction is small, as can be seen from Fig. 2͑a͒ . Nevertheless, Eq. ͑16͒
FIG. 2. ͑a͒
Relation between the continuum model interaction parameters C and the lattice adsorption energy s , for three lattice types: ϭ1/6, 1/4, and 1/3. The full curves are for N→ϱ; for ϭ1/6 results for Nϭ10 and N ϭ100 are also given as dashed curves. ͑b͒ First derivative ‫ץ‬ s /‫ץ‬C as a function of C for the same lattice types. The three curves for N→ϱ show a kink at Cϭ0. For ϭ1/6 three dependencies for finite N ͑10,100,1000͒ are also shown. Dashed lines represent the linear expansion around the point Cϭ0 corresponding to Eq. ͑20͒.
gives explicitly the chain-length dependence of the adsorption transition, which is a new result. At N→ϱ Eq. ͑15͒ can be simplified:
gives s as an explicit function of C. It is also useful to consider the inverse relation C( s ). The relation s (C) for the strong repulsion case may be inverted directly. This is not the case in the strong adsorption limit. For this regime Gorbunov and Skvortsov 25 derived an approximate analytical expression by comparing lattice and continuum expressions for the partition function Q at N→ϱ.
where pϭ(1Ϫe
. Equations ͑17͒ and ͑18͒ coincide with the previous results of Refs. 25 and 26. Although the mathematical functions in the positive C region of Eq. ͑17͒ and Eq. ͑18͒ are quite different, the numerical results are virtually identical, with a maximum difference of less than 0.1%.
In the next section we shall need not only s (C), but also the first derivative ‫ץ‬ s /‫ץ‬C as a function of C and N. The limiting form for this derivative at N→ϱ follows directly from Eq. ͑17͒ as
Hence, in this limit for infinite N, ‫ץ‬ s /‫ץ‬C is continuous in the critical point (Cϭ0). For finite N, ‫ץ‬ s /‫ץ‬C around C ϭ0 may be found by expanding the exact Eq. ͑13͒ in powers of C, using Eq. ͑8͒ with expansion ͑9͒ for the function Y (x). The result is
͑20͒
where A 0 , A 1 , and A 2 were defined below Eq. ͑15͒ and
The derivative ‫ץ‬ s /‫ץ‬C is plotted in Fig. 2͑b͒ for several conditions. The lower four solid curves are the exact results for ϭ1/6 and Nϭ10, 100, 1000, and 10 000. For finite N the curves are smooth around Cϭ0 but the curves for N →ϱ, given by Eq. ͑19͒, display a kink at Cϭ0: the second derivative ‫ץ‬ 2 s /‫ץ‬C 2 is discontinuous in this case. Except for a small region around Cϭ0, the curves for Nϭ100 and 1000 practically coincide with the limiting curve N→ϱ. For N ϭ10 the deviations are larger; nevertheless the curve approaches the limiting curve for large enough ͉C͉.
The dashed straight lines in Fig. 2͑b͒, giving Fig. 2͑b͒ give the limiting curve (N→ϱ) for ϭ1/4 and ϭ1/3, respectively. The value of ‫ץ‬ s /‫ץ‬C is higher than for ϭ1/6, but the qualitative features are the same. In order not to overcrowd the figure, we have not given the curves for finite N for these lattice types.
As discussed above, the limiting curve for ‫ץ‬ s /‫ץ‬C describes the dependence for finite N quite well except for C close to zero. The relative difference at Cϭ0 is, according to Eq. ͑20͒, approximately given by (
This equation gives an estimate of the error in using the simple asymptotic equation ͑19͒ instead of the general equations ͑8͒, ͑13͒, and ͑14͒. It is interesting to note that the limiting equation ͑19͒ describes the derivative for finite N more accurately at high values. For example, according to Eq. ͑21͒ the largest difference between the derivatives for Nϭ100 and N→ϱ is equal to 7.2%, 4.4%, and 2.6% for the lattices with ϭ1/6, 1/4, and 1/3, respectively. As noted above, the limiting ‫ץ‬ s /‫ץ‬C curves show a kink at Cϭ0, which implies a discontinuity of the second derivative ‫ץ‬ 2 s /‫ץ‬C 2 . According to Eqs. ͑19͒ and ͑20͒, at N→ϱ the second derivative close to the point Cϭ0 is given by
͑22͒
Equations ͑13͒-͑20͒ derived in this section give the opportunity to compare and to combine results obtained for continuum and different lattice models. In the remainder of the paper we shall use these equations to discuss the distribution functions describing the tail of an anchored macromolecule and its adsorbed parts ͑which are usually called trains in a lattice model or surface contacts in a continuum description͒.
V. AVERAGE NUMBER OF SURFACE CONTACTS AND CONTACT NUMBER DISTRIBUTION FUNCTION
The average number of surface contacts ͗S͘ is an important parameter, which has been extensively discussed in many papers for both lattice and continuum models of an anchored polymer chain. [14] [15] [16] [17] However, up to now there is no direct comparison of the results obtained with lattice and continuum models.
The average scaled number of contacts ͗M ͘ in the continuum model was introduced and obtained by Eisenriegler 
The authors assumed that the average number of contacts ͗S͘ is proportional to 2R͗M ͘ϭ‫ץ‬ ln Q/‫ץ‬c. This is correct in the very vicinity of the multicritical point, where c is proportional to s ͓see Fig. 2͑a͔͒ 
͑25͒
It is interesting to note that ͗s͘ depends on the lattice type since the factor ‫ץ/‪C‬ץ‬ s contains the dependence on . Although the presence of a nonuniversal scaling factor for the number of surface contacts was mentioned in Ref. 33 , the dependence of this factor on the parameters C, N, and has not been investigated so far.
In the preceding section we discussed both general and approximate formulas ͓Eqs. ͑13͒-͑20͔͒ for the parameter s and the derivative ‫ץ‬ s /‫ץ‬C as a function of C and N ͓see also Figs. 2͑a͒ and 2͑b͔͒. Using these results and Eq. ͑25͒ it is possible to calculate the dependence of ͗s͘ on C for any chain length N and lattice parameter . Below we give simple approximate formulas for the average fraction of contacts ͗s͘. For the ground-state regime ͑␥ӷ1͒ we have for long enough chains (NϾ10):
͑26͒
At the point Cϭ0 the result is
͑27͒
For the strongly repulsive regime ͑Ϫ␥ӷ1͒ the average number of contacts ͗S͘ is independent of N and quite small:
͗S͘Ϸ1Ϫ
1Ϫ
Cͱ . ͑28͒ Figure 3 shows the dependence of ͗s͘ on the adsorption interaction parameter C in the adsorption regime for a long polymer chain of Nϭ10 000. The data points represent results of lattice calculations for several lattices, the solid curves correspond to ground-state equation ͑26͒. It can be seen that in the case of large N the results obtained for the continuum and lattice model practically coincide for all .
The dependencies of ͗s͘ on s over the whole range of ͑squares͒, 1000 ͑triangles͒, and 10 000 ͑diamonds͒. Points are lattice calculations, the full curves were obtained from Eq. ͑25͒. Dashed curves are asymptotes for N→ϱ obtained with Eq. ͑19͒ substituted into Eq. ͑25͒; these asymptotes merge with the full curves for large ͉C͉. The dotted curves correspond to the expansion for finite N around Cϭ0 ͓Eq. ͑20͔͒.
was applied to the free chain end. According to this analysis, the statistical weight P cont (M ) for chains with a given scaled number of contacts M is a Gaussian function of the parameter M:
The integral of the function P cont (␥,M ) over all M gives again the full partition function Q(␥). Using Eq. ͑24͒ in the form
it is possible to transform the contact number distribution function calculated for any lattice into the scaled form of Eq. ͑24͒. The first moment of the contact distribution function gives the average fraction of the surface contacts, coinciding, of course, with Eq. ͑25͒. Figures 5͑a͒-5͑c͒ show the distribution functions W cont (S)ϭ P cont (S)/Q ͑which is normalized to unity͒ for a simple cubic lattice at s ϭ0 (CϭϪ1/ͱ6ϷϪ0.408), at s ϭ sc ϭln(6/5) (Cϭ0), and at s ϭ0.25 (CϷ0.122). Points represent the contact number distributions calculated for a simple cubic lattice model. The details of these lattice calculations are described in the appendix. The full curves in Fig.  5 correspond to Eq. ͑29͒.
It is clear from Figs. 5͑a͒-5͑c͒ that the agreement between Eq. ͑29͒ and the numerical data is excellent. Note that the abscissa axis is rescaled for s ϭ sc and s ϭ0.25, in order to ensure that the data for different chain lengths coincide. In the lattice calculation for s ϭ0 and Nϭ10 ͓Fig. 5͑a͔͒ the probability for a fully adsorbed chain (Sϭ10) is higher than for Sϭ9. This effect is also present for higher chain lengths ͑not shown͒. It is a lattice artifact, which becomes less pronounced and eventually disappears when is increased. For positive adsorption energies, the lattice results for Nϭ10 deviate rather strongly, therefore they are omitted from Figs. 5͑b͒ and 5͑c͒.
VI. DISTRIBUTION OF TAIL LENGTHS, THE AVERAGE TAIL LENGTH, AND ITS FLUCTUATION
The statistical weight P tail (T) for chains of N segments having a given number T of segments in a free tail can be easily constructed using the known expressions for the fixedend partition function P and for the free end partition function Q, since P tail is expressible in terms of the product P(0,NϪT,C)•Q(T,C→Ϫϱ). The result, normalized to Q N ϭY (Ϫ␥), can be written as
where tϵT/N is the fraction of tail segments. In Fig. 6 we present several examples of the tail length distribution function, W tail (t)ϭ P tail (t)/Q, where W tail (t) is thus normalized to unity. The solid curves in Figs. 6͑a͒-6͑d͒ correspond to Eq. ͑31͒.
Near the multicritical point, where ͉␥͉Ӷ1, Eq. ͑31͒ can be approximated as
The first term in Eq. ͑32͒ corresponds to the point cϭ0. A very interesting feature of the tail distribution function at c ϭ0 is its bimodal character ͓see Fig. 6͑a͔͒ . This means that there are two dominating chain populations, one with few loops and a long tail, and the other with long loops and a very short tail. As can be seen from Eqs. ͑31͒ and ͑32͒ and from the plots in Fig. 6 the function P tail stays bimodal not only for ͉␥͉Ͻ1 but even at high ͑both positive and negative͒ values of ␥. For ␥Ͼ1, the function P tail for nearly the whole t interval ͑i.e., for 0ϽtϽ1Ϫ␥ Ϫ2 ) reduces to
According to this equation P tail is a monotonically decreasing function of t; it coincides with the ground-state result.
It is interesting to note, however, that for t values exceeding 1Ϫ␥
Ϫ2 the general Eq. ͑31͒ reduces to Eq. ͑32͒, causing P tail (t) to increase with t in this small interval of t. This feature of the tail length distribution function cannot be derived from the ground-state approach. Since this effect is quite small for ␥ӷ1 ͓see Fig. 6͑c͔͒ it does not have any practical influence on the average behavior of a terminally attached polymer molecule in the adsorption regime, being only an interesting small detail in the whole picture.
For Ϫ␥Ͼ1 the function P tail (t) can be roughly approximated as
Eq. ͑34͒ describes the distribution for tϽ1Ϫ␥ Ϫ2 ; for higher t values ͑close to unity͒ we should again use Eq. ͑32͒ instead of Eq. ͑34͒.
We also calculated the distribution function W tail (t) for the simple cubic lattice model with N values equal to 10, 100, 1000, and 10 000 and different values of the s parameter, chosen in such a way as to maintain a constant ␥ ϭCͱN. The limiting Eq. ͑17͒ was used to calculate these s values. The lattice results are shown as data points in Figs. 6͑a͒-6͑d͒. As stated above, the solid curves represent the full continuum model tail distribution function, Eq. ͑31͒, and the dashed or dotted curves correspond to the appropriate asymptotic expansions. The inset in Fig. 6͑c͒ shows the increasing part of W(t) in the case of ␥ϭ2 for t values close to unity.
As can be seen in Fig. 6 , in all cases the lattice data for NϾϷ100 are very close to Eq. ͑31͒ of the continuum model. The data for Nϭ10 deviate somewhat, which is partly caused by using Eq. ͑17͒ ͑applying only for N→ϱ) for calculating s from c; applying Eq. ͑13͒ would have given better agreement for ͑very͒ short chains, especially for ␥ϭ0. All the asymptotic expansions also look quite reasonable.
We performed calculations of the function W(t) with Values of the continuum model surface interaction parameter C are chosen such as to keep the product ␥ ϵCͱN constant; the corresponding values of the lattice model interaction parameter s are calculated using Eq. ͑17͒. ͑a͒ Critical point ͑␥ϭ0͒; ͑b͒ a case of weak adsorption interaction ͑␥ϭ0.5͒; the dotted curve represents the approximate equation ͑32͒. ͑c͒ Ground-state adsorption regime ͑␥ϭ2͒; the inset shows the region of t close to unity, with the dotted curve calculated from Eq. ͑32͒; ͑d͒ Repulsive regime ͑␥ϭϪ2͒; the dotted curve to the left represents the small-t asymptote Eq. ͑34͒, the dotted curve to the right corresponds to Eq. ͑32͒.
different lattice types. The data in Fig. 6 are for ϭ1/6. Other lattice constants yield essentially identical results: there are minute numerical differences which are, however, hardly visible in a graph. Therefore we do not show these data separately. We now consider briefly the moments of the function P tail (␥,t). The first moment is equal to the average fraction of chain units in the tail ͗t͘ and is also related to average tail length ͗T͘ through ͗t͘ϵn t ͗T͘/N, where n t is the average number of tails per chain. The dependence of ͗t͘ on ␥ ϭCͱN according to Eq. ͑31͒ is shown in Fig. 7͑a͒ ͑solid curve͒. Some typical lattice data are also given ͑data points͒. Again the agreement is excellent for Nϭ100. Note that the average number of tails n t is unity in the continuum model, because the probability of finding the end of the chain exactly at coordinate zϭ0 is zero. This is in contrast with the lattice model where all segments could be in layer zϭ0 so there is a finite probability of finding no tail at all: n t in the lattice model is smaller than unity, especially so for small N and high s .
Using the expansions of Eq. ͑9͒ for the function Y (x) one can easily derive that in the ground-state adsorption regime ͑␥ӷ1͒ the average number of chain segments in the tail ͗T͘ϭN͗t͘ does not depend on the chain length N, and is equal to 1/(2C 2 ). Hence, in this region ͗t͘ϭ1/(2␥ 2 ). This asymptotic behavior is shown in Fig. 7͑a͒ as the dashed curve to the right; it is accurate down to ␥ϭ2.
Another interesting case is Cϭ0 where we have the well-known result 15 that on average one-half of the chain forms a tail. In the vicinity of the multicritical point, at ͉␥͉Ӷ1, we find
This dependence is shown as the dotted curve in Fig. 7͑a͒ , and is accurate in the interval Ϫ1Ͻ␥Ͻ1.
When C becomes negative, at Ϫ␥ӷ1, ͗t͘ tends to unity, and the number of segments in trains and loops, NϪ͗T͘, is then quite small. This number does not depend on chain length, and is only a function of the C parameter. Also the fluctuations in the tail length can be estimated using the second moment of the function P tail (␥,t). In particular, at Cϭ0 we have Disp(t)ϭ͗t Fig. 7͑b͒ . Again the agreement with the lattice data is excellent for Nу100.
In the limit N→ϱ the average fraction of tail segments ͗t͘ as a function of C turns into a step function, while the dispersion will have only one nonzero value of 1/8 at the point Cϭ0.
VII. CONCLUSION
We presented a general equation relating the adsorption interaction parameter s in a lattice model to the extrapolation length 1/c in a continuum model for a polymer chain of finite length interacting with a planar surface. We use a dimensionless adsorption parameter Cϵbc/ͱ6, where b is the bond length. If the radius of gyration R is much higher than the lattice spacing lϭb/ͱ6 ͑which condition is practically fulfilled when the number of the chain segments N is of order 100͒ this general equation reduces to the simple relation ͑17͒ which is independent of N and contains only the lattice parameter . For a short chain (NϽ100) this simple formula ͑17͒ also holds provided that ͉C͉ͱNӷ1, which is the case when the surface interaction energy is not very close to its critical value (Cϭ0).
At ͉C͉ͱNϽ1 ͑short chains and close to the point C ϭ0) the relation between s and C becomes dependent on the number of chain units N, which means that the continuum model in this case is not fully equivalent to the lattice model. It is possible, however, to relate s and C even in this case by considering this relationship as an N-dependent function and using the general equation ͑13͒ or its appropriate expansions around CϷ0 instead of Eq. ͑17͒. In doing so we obtained excellent agreement between the lattice and continuum results even for short polymer chains in the vicinity of the critical point. This analysis also yielded an explicit expression, Eq. ͑16͒, for the ͑weak͒ dependence on the chain length of the ͑lattice͒ adsorption energy s at the point where the adsorption/desorption transition occurs. We applied the relation between s and C for describing structural features of an ideal chain anchored to a planar surface. Two features were discussed in some detail: parameters related to the number of contacts between the chain and the surface ͑''trains''͒, and those related to the number of units in terminal chain fragments having no surface contacts ͑''tails''͒.
For the tail-related properties we obtained continuum equations which contain as the only parameter the product ␥ϭcRϭCͱN. This product is independent of the microscopic details of the polymer chain and the adsorbing surface. We demonstrated that these tail-related properties are indeed model-independent: calculations for different lattice types at constant ␥ϭcR show that these properties do not depend on the lattice parameter .
Such universality does not apply for properties related to the number of surface contacts. The equations for the surface contacts contain, apart from universal terms originating from the continuum model, also a nonuniversal factor depending on microscopic details of polymer-surface interaction. We derived an equation for calculating this nonuniversal factor for different lattice models and demonstrated excellent agreement between the lattice results and the continuum model. 
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APPENDIX: LATTICE CALCULATION OF CONTACT NUMBER DISTRIBUTIONS
The contact number distribution function W cont (S) gives the probability of finding a chain with S surface contacts. To obtain this function first a set of end-point distribution functions P S (z,n) is defined. These are a measure for the probability of a walk that starts at the surface and ends after n steps ͑segments͒ in layer z, under the condition of S surface contacts. The functions P S (z,n) are calculated with the following recurrence relations, similar to Eqs. ͑2͒ and ͑3͒: P S ͑ 0,nϩ1 ͒ϭ͑ 1Ϫ2 ͒P SϪ1 ͑ 0,n ͒ϩ P SϪ1 ͑ l,n ͒, P S ͑ z,nϩ1 ͒ϭ P S ͑ zϪl,n ͒ϩ͑ 1Ϫ2 ͒P S ͑ z,n ͒ ϩ P S ͑ zϩl,n ͒.
The starting condition reads P 1 (0,1)ϭ1 with all other values set to zero. At the end of the propagator procedure, i.e., when nϭN, the contact number distribution function is calculated as
Note that it is only necessary to compute P S (z,N), the computationally most demanding task, for s ϭ0: the adsorption energy is incorporated through Boltzmann weighting.
